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Consider a background state which consists of a spatially uniform chemically reactive
mixture in a general state of disequilibrium. The analytical method of characteristics
is used to show that a plane finite amplitude disturbance propagates through this
system at the frozen sound speed and, if the degree of disequilibrium is sufficient, is
amplified by the chemical reaction. Some comments are made about the time to
shock-wave formation and its relation to the homogeneous explosion ignition time,
and also about expansion waves, which are found to have a tendency towards fixed-
strength ‘quenching waves’, their strength being proportional to the extent of the
ambient disequilibrium.

1. Introduction

When a gasdynamic disturbance propagates through a chemically reacting gas
mixture that is in a state of chemical equilibrium, the perturbed reaction acts to damp
out the disturbance. The behaviour of infinitesimal amplitude (acoustic) disturbances
and of disturbances of finite amplitude is quite well understood, although some
interesting problems remain to be solved. Much less interest has been shown in the
propagation of waves through systems that are not in chemical equilibrium, exceptions
being the work of Srinivasan & Vincenti (1975) and the writer (1973, 1974), all of
whom have been concerned with acoustic phenomena.

The principal result of these acoustic theories is that, under the proper conditions,
the basic disequilibrium in the background state can lead to disturbance amplification
rather than decay. Such a possibility is evidently important in a whole variety of
situations where chemical reactions take place, and not the least significant of these
concerns explosive gas mixtures. The acoustic theories are generally limited to pre-
diction of initial amplification, and cannot follow the history of a developing, finite
amplitude, wave.

If attention is confined to the head of a wave it is possible to make exact predictions
of the true nonlinear progress of gas-property gradients at the wave front and in this
way to calculate such things as the time taken to form a shock wave. The present
paper considers a simple model of a reaction with Arrhenius kinetics which is also
reversible, since the extent of the background disequilibrium is vital, and derives
the time history of the velocity gradient at the plane wave head.

Using simplifying assumptions to make the exact result more accessible, this
exploratory investigation shows that the time to shock formation can be comparable
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with the homogeneous-explosion ignition time, and that expansion waves may have
a tendency to form into fixed-strength disturbances (‘quenching waves’?) with the
strength depending upon the basic disequilibrium state. Apart from the direct
application to homogeneous explosions, identification of chemical reaction as an
amplifier of gasdynamic disturbances may also make the results important in com-
bustion ignition and extinction studies and in an understanding of combustion-
generated turbulence and noise.

2. Equations in characteristic form

The equations governing the one-dimensional unsteady motion of a reacting gas
mixture are (Clarke & McChesney 1976, chap. 1, especially §1.18).

Pt+upy+pu, =0, (1)
pue +purt, +p, =0, (2)
Pe+upy+paju, = p(y —1) QWn&, 3)
¢, t+uc, = — Wn#. (4)

Transport effects have been neglected and the symbols appearing in (1)—(4) are as
follows: p is the density; p is the pressure; u is the gas velocity; c is the mass fraction
of the reactant species 4, which takes part in the simple reversible reaction

nd+=—B (5)

(B is the product species, which can dissociate to produce n molecules of 4); W is
the molecular weight of 4 (strictly speaking W will vary with ¢: suppression of this
dependence simplifies the subsequent algebra and does not radically affect the final
results); ¥ is the not necessarily constant ratio of specific heats of the gas mixture
under chemically frozen conditions; a, is the frozen sound speed, which, if the con-
stituents of the gas mixture are assumed to be thermally perfect, is given by

aj = yplp; (6)
@ is the energy of formation per unit mass of 4, and Z is the rate of progress of reaction
(5), namely R =11cr—(1—c)8). (7)

The quantities 7 and & are the forward-reaction time,

71 = F(pjp)exp{—E 4p|p}, (8)
and the equilibrium constant,

& = z(p/p) exp{ —nQp/p}, (9)

respectively. The pre-exponential factor F in (8) and the coefficient z in (9) depend
upon p/p, but much more weakly than the exponential terms that are explicitly
displayed in those equations, especially since both @ and & 4, the reaction’s activation
energy, are usually large relative to p/p. F and z will henceforth be treated as constants;
it does not fundamentally affect the results to do this, and their proper variations
with p/p can be included at the simple expense of more algebra.
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With the auxiliary relations (6)-(9), equations (1)-(4) constitute four relations for
the four unknowns, p, p, © and ¢. Equations (2) and (3) combine to give

Dot pasu,—ply —1)QWn#t, = 0, (10)
Pp—Paus—ply—1)QWnt, = 0, (11)

where a and # are two characteristic parameters defined such that
(dz/dt)s 11xea = z,ft, = u+ay, (12)
(dz[dt), t1xea = Tgfts = u—ay. (18)

Transformation from the space-time (z,¢) plane to the plane of the characteristic
parameters («, ) will be one-to-one if the Jacobian

does not vanish anywhere. The following results are noted for future use:
Jerufy = ap T W b+ 5t} (15)
fz = J—l{fatﬂ—fﬂta}’ (16)

where f can be either p, p, u or c.

3. The background state

The unperturbed field ahead of the wave whose behaviour is to be investigated is
assumed to be spatially uniform. All x derivatives therefore vanish and (1)-(4) give

Pot =0, sothat p, = constant, (17)
PolUot =0, sothat wu,=0, (18)
Dot = Poly — 1) QWn,, (19)

Cot = — Wn,. (20)

A subseript 0 indicates a value in the background field, and its absence from y in (19)
implies that y will henceforth be treated as a constant.

- Evidently the background state can be visualized in terms of a fixed vessel uniformly
filled [equation (17)] with the gas mixture, which is at rest [equation (18)]; the pressure
po changes [equation (19)] as the reactant-species concentration, ¢, varies [equation
(20)], namely in proportion to the ambient reaction rate %,,. The latter would be zero
if the chemical time 7 happened to be infinite or, more practically, if the background
state were one of chemical equilibrium.

Perturbations of the background state will be assumed to propagate through the
mixture behind the wave front £ = 0 (see figure 1). Continuity of the variables p,
p, w and ¢ at B = 0 is essential but discontinuities in their derivatives are permitted.
Any derivative with respect to & must be continuous; discontinuities can appear
only in the g derivatives. The associated discontinuities in the x derivatives follow
from (16).
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F16ure 1. The z, ¢ plane, showing the disturbance wave head # = 0 and two typical constant-a
lines. The inset sketch shows the type of discontinuity in «, at § = 0 which heralds a compression
wave.

4. Behaviour at the wave front

Differentiation of (10) with respect to # and of (11) with respect to a followed by
subtraction and evaluation at § = 0+ gives

200 A go s 5+ (Lo %s0)s uﬁL
—(y=1)QWn{p} to, R+ Poltox Zf —Roath)} = O. (21)

Quantities with a subsecript 0 are suitably continuous in the neighbourhood of g =0
while those with a superscript + may be discontinuous at the wave head, so that their
value just behind the front is required in (21).
Equations (1), (15) and (16) show that
af{pa tﬁ+pﬂta}+p{ua tﬂ—uﬂta} =0, (22)
whence it follows from (17) and (18) that
GroPF = Poth- (23)
From the forms of #, 7 and 8 given in (7)—(9) it transpires that

E P b Pl 1
th‘%; —‘%Oat; =—- (_;éopg'%o_ (1 —CO)iQ%))) (O_I)f_ﬂ _E[tOGP; —.pOat;])

1
+ ’T_ (ncg—l + a0) (t0a 679_ — Coq t;_)‘ (24)
0
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Equations (2), (15) and (16) give
pas(uy by +ugty) + (Pats—Ppts) =0, (25)
so that toaDF — Poath = PoGrolosUs - (26)

From the essential continuity of #, (4) shows that ¢, +uc, must be continuous at
f = 0; (15) therefore implies that

—+
Coa % _ _ _ Coa + Cos
2ap0t0, 20505 2050ty 2a00 by

and so t0aCh — Con th = teaCop t} /toﬂ —Coutf

= [Coptoa — Contos) t; f top
= 0. @n

The final result follows because the quantity in square brackets is ¢y, and this is zero
by hypothesis.

Combining (21) with (23), (24), (26) and (27) gives the following equation for the
variation of u} with a:

8 &,
= EA) +¢7%o} toa-  (28)

0

0 _ (y=1)E,p
%ln{(poafo)i’u}'} = %(V—I)an{—i);b?:{—‘o (.@0—(1—00)

Integrating (28) between a; (where u} = uj; andt = ¢;) and « gives [note (6)]

an\t  (1(y—1)2 tpg 8y @

uf =u}; (M) ex {———QE an = [.@ —(1—¢ -9——] dt}, 29

AV B VR S Y VroEa 9

Since E  po/p, > 1 for many practical situations (values of 50-100 are typical for

normal temperatures and pressures), the term %y/a%, in the brace brackets in (28)
has been omitted in presenting the result (29).

In order to discover how u,, say, is changing at # = 0+ it is necessary to find ¢3,

since (14), (16) and (18) give
(14), (16) (18) g uF = —ug(2a5t4. (30)
Equations (12) and (13) combine to give
so that at § =0+ 2040(tF )a + U ton +{0fptos + Apoati } = 0. (32)
But da da
auterarty = (2) @terpat)+(2) Catetraty (33)
P/ p,c P/ p,e

since (6) shows that (da,/dc), , vanishes when 7 is constant. The p derivative com-
bination in (33) can be eliminated with the aid of (22); the p derivatives can be written
in more convenient terms by combining (10) and (11) to give

Pals+psty = paslugt, —u,tg) +2p(y — 1) QWnt, b . (34)
Then (32) with (33) and (22) becomes

R 1(y+1)
th ~1)QWn—2t, t; +-1—Luft,, =0, 35
(ﬂl)a'*“&(y )Q n(polpo) 0 Y5 +4 afo uﬂ 0 ( )
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which, together with the result (29), can be integrated to find the variation of tf with
time at the wave head.

Defining _1(y—1)2QE,Wn 8, @
M=3 (P;;Po)z [9?°“1“’°)i‘E:]’ (36)
Ay=r— 1)6570) Wndty, (37)

equation (35) gives
t
th =t exp { —f Az(f)df}
t

t t 3 : I A A
—u}'iexp{— f Az(f)di,‘: f 1(7’“)(@'—_%)%;:1){ A(t)dt}dz, (38)
4 4 ap \ poag 4

where A=A +A, (39)

and u}; is the value of u} whent =¢,.
Combination of (30), (38) and (29), which yields

g\ B t
uf = uk; (l_’_o@) exp {f A df: (40)
Po %o 4
in view of (36), now enables one to evaluate u}. Noting that (30) makes
u;’i = — u;-i/QG/fM t;@, (41)

the result is

+ 3
Uy _ (Pm' affm')i
= 3
uf; Po%sq

exp{ tiA(i) df:
[1 + 3y + 1) ft t (m)%exp{ th(t‘)dz‘}dz]' (42)

3
; \ Polro

The significance of this general result is not immediately apparent since the dependence
of u} on the background conditions is obscured by the integrals of Af(t), etc., and
by the quite complex dependence of A on this state via (36), (37) and (39). In view of
the approximations that have already been made, especially the one between (28)
and (29), some simplification is afforded by neglecting A, relative to A,. In any event
it is clear from (42) that the temporal behaviour of the velocity gradient at the wave
head will depend critically on the sign of A.

5. Discussion

If &, is zero, so that the background state is one of uniform equilibrium, (36) and

(37) show that A A 11y Q:Wn
U2y (poled)

( —co)gs < 0. (43)

Then (42) reduces to the well-known result for propagation through equilibrium
atmospheres that has been derived by several previous investigators (a short account
is given by Clarke & McChesney 1976, § 2.4).

If one considers only a short interval of time, so that A does not change appreciably
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between ¢, and ¢, it is evident that (42) can be written in the approximate form
ur N eht
Ui T 1+ 3Ry + D udy (M —1)

(44)

where A indicates a suitable mean value over the interval ¢; to ¢, and ¢; has been set
equal to zero for convenience; it easily follows that

d ) Eodlyr )
dt (u:n) - [1+%K 1(7+1)ua:i (eAt_l)]z' (45)

Equation (45) shows that, if u}; < 0 and A > 0, u} will begin to grow even more
negative as time proceeds, and the strength of the compression wave head (see figure
1) will therefore grow with time. Of course this happens to a compression wave in an
inert gas anyway, and the corresponding result for the chemically inert system is
—%(74'1)“;.:: (46)

dp)
dat (—u_'.ﬁ) inert B [1 + %(7 + 1) u;i t]2'

Comparison of (45) and (46) shows, as one might expect, that the exothermic reaction
with its Arrhenius rate dependence causes the compression wave to steepen more

swiftly than it does in an inert atmosphere. Indeed, if (44) remains valid over the
requisite period, it shows that |uj}| - co when ¢ —¢,, where

2A
=gl ) 47)
[This corresponds to the vanishing of the Jacobian since t; = 0; see (14).]

From time ¢, onwards the compression wave must be treated as a shock wave; in
the present exothermic situation its subsequent behaviour could become very interest-
ing indeed. For example, one may inquire into the magnitude of ¢, relative to the time
taken for the background homogeneous mixture to ignite, since it will be interesting
to know whether a shock forms before, during or after this spontaneous event. It is
during this thermal run-away process that A will reach its maximum possible values.

For an exact result it is of course necessary to evaluate all of the component terms
in A(r) by solving the problem for the ambient atmosphere described by (17)—(20).
This is quite a challenging problem in its own right in the theory of explosions, and it
has been considered extensively in the past, using a number of different methods
and approximations. For present purposes it is quite adequate to consider the simple
‘small depletion’ model of the explosion-initiation, or ignition, history. The reverse
reaction in (7) is ignored and it is assumed that ¢, or rather ¢, in this case, is a constant
for all practical purposes; say, ¢, ~ ¢,;. Then (19) reads

Pot = Poly — 1) QWnFcg exp (— E 4 po[po) (48)

and, since p, is the only variable in (48), it can be integrated directly. Even then the
result is not especially informative, but it can be made so by adopting the approxi-
mation E  py[p, > 1. Itis found that the time required to raise p, from p,; to the value

mpy; (m > 1) is given by ¢,,, where
1 1
1—m?ex [E ( —-——)]} (49)
Po EA{ P|Haho mPo; Poi

Poly —1) @WnFcy;t,, ~ exp (E 4 py/py;)
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For any substantial value of m, such as 2, the last term in (49) is negligible and ¢,
gives a value for the ignition time ¢,,,, namely

b~ (Doilpo)exp (B polpoi) , ¥ -1
T (=1 QB WnFcg T 2y Al

From this preliminary, exploratory analysis it is not possible to be more precise
but A(t;), the initial value of A, and the mean value A of A are evidently comparable
for any times ¢ S t;,,. In these circumstances a shock can evidently form prior to
spontaneous ignition, or indeed at about the same time as this process, if |uf;| is large
enough. The extremely rapid thermal run-away phenomenon that follows the
(relatively) slow self-heating process in the interval 0 < ¢ < ¢,,, is synonymous with
very considerable rises in the positive value of A before it sinks back to its negative
equilibrium value [given in (43)], and all of this suggests that shocks are quite likely
to form from some initial compressive disturbance during the interval of spontaneous
ignition.

In so far as (44) is a reasonable representation of the exact solution (42) it is also
interesting to note that when u}; > 0and A > 0

(50)

uf >2A/(y+1) as At—>oo. (51)

Therefore an expansion wave head tends towards a strength which is independent
of its initial value, and reflects instead the degree of background disequilibrium, as
exemplified by A. Of course the condition At co means that this asymptotic expansion
wave state may bereached only after many ignition-time intervals; since A will become
negative in the last stages of a homogeneous explosion, the approximation (44)
cannot be valid up to these times, but the tendency towards a reaction-induced
‘quenching wave’ of some fixed form is nonetheless important.
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